Analytical estimation of non-local deformation-mediated magneto-electric coupling in soft composites M. Rambausek For a long time, the search for magneto-electric materials concentrated on multi-ferroics and hardmatter composites. By contrast, rather recently the exploitation of strain-mediated magneto-electric (ME) coupling in soft composites was proposed. The basic idea behind this approach is to combine the magneto-and electro-mechanical responses of composites consisting of a soft matrix carrying magnetic inclusions. Despite that such composites are straightforward to manufacture and have cheap constituents, they did not gain much attention up to now. In this contribution, we demonstrate that ME coupling induced by finite deformations could be of significant magnitude. Our approach relies on shape effects as a special non-local phenomenon in magneto-and electro-elasticity. Based on that we characterize an up to now overlooked ME coupling mechanism which purely relies on these shape effects in soft-matter-based magnetic and electric media. While soft magnetic media are commonly realized as composites, the coupling effect to be highlighted exists independently of the origin of a body's magnetic and electric properties. We show that the magnitude of the effect is indeed significant and, among ellipsoidal bodies, most pronounced for those of spherical to moderately prolate shape. Finite-element simulations are performed to assess the quality of the analytical predictions.
Introduction
In the past decade, the research interest in magneto-electrically (ME) coupling materials increased significantly. During this period, tremendous achievements have been accomplished, e.g. [1] [2] [3] [4] . The recent progress has opened the door to a wide range of high-tech applications, such as the design of magneto-electric random access memories (MERAM). This new class of storage devices would enable electric-write magnetic-read memories with capabilities far beyond current standards in magnetic RAM technology [5] . Another field of possible applications is the measurement of magnetic fields and in that course also electric current, particularly in the lowfrequency range as, for example, documented by Fetisov et al. [6] . In the case of MERAMs, the desired effect is a persistent change of magnetization caused by a short electric signal. Thus, for MERAMs multiferroic materials play a crucial role. Conversely, in the case of ME sensors, the electric response to a magnetic signal is of interest. In this case, the requirements on the material are relaxed leading to greater freedom in the design of such sensors. In that particular field, the main effort is put into the search for ME composite materials [7] [8] [9] such that their ME coupling is a product property in the sense of [10, 11] . The references above have in common that they are concerned with 'hard' materials, i.e. ceramics and metals. For an overview of the vast amount of research and possible applications in this wide field we refer to [12, 13] .
An interesting alternative to the ME coupling in hard media discussed in the references cited above has been brought up only recently by Liu & Sharma [14] . In their contribution focusing on magnetic field sensors, the authors present a 'universal' strain-mediated ME coupling effect for soft-matter composites. They predict magneto-electric coefficients at room temperature that are on par with that of best performing composites based on hard constituents. Furthermore, Liu & Sharma [14] and Liu [15] highlighted that the ME coupling effect through soft-matter composites is a plausible candidate mechanism for magneto-reception in certain biological contexts. We refer to [16] for recent progress in this regard. Besides the biological perspective, soft-matter-based sensors could have advantageous properties from a practical perspective: (i) their ingredients can be expected to be comparably cheap and easy to handle and (ii) they are fast and straightforward to manufacture (e.g. 3d-printable) in mass.
A prototypical class of industrial materials with appropriate mechanical, magnetic and electrical properties are magnetorheological elastomers (MREs). These are composite materials consisting of a soft matrix and magnetic inclusions. However, despite that MREs exhibit electric properties, they have been studied mainly from the magneto-mechanical viewpoint up to now [17] [18] [19] [20] [21] [22] . In this regard, with respect to the heterogeneous microstructure of such composites, analytical homogenization techniques [23] [24] [25] and computational homogenization techniques [26] [27] [28] have been developed. Regarding similar contributions on electro-active soft composites we mention the works [29, 30] .
From the experimental characterization of MREs, it is known that not only an MRE specimen's micromorphology but also the macroscopic shape strongly influences the actual magnetomechanical response as documented in [31, 32] as well as recently in [33] . This shape effect can be connected to both the sensitivity of the so-called demagnetizing coefficient as discussed by Brown [34] and Diguet et al. [32] as well as to magneto-mechanical tractions. Interestingly, these tractions change with the shape even for specimens with uniform and constant magnetization throughout the deformation process, as recently discussed in [35] . At this point, it is important to note that the shape-dependent response is not restricted to magneto-mechanics. Indeed, in the case of electro-mechanics the same phenomenon can be observed, which is obvious from the very similar fundamental equations of magneto-elasto-statics [36] [37] [38] and electro-elasto-statics [39, 40] , respectively. For recent formulations of magneto-electro-elasticity, we refer to [15, 41] . For experimental works in electro-elasticity at large deformations, we refer to [42, 43] .
In this contribution, we will discuss precisely shape-dependent responses in order to motivate a novel mechanism for ME coupling in soft composites. As will be detailed in §5, the ME coupling under consideration is a property not only depending on local field values but also on the entire boundary value problem. Therefore, in what follows this kind of coupling will be 
denoted non-local ME coupling. We emphasize that the coupling property under consideration exists independently of (effective) magneto-mechanical, electro-mechanical and magneto-electromechanical coupling coefficients of the underlying material. It is itself again a product property, yet this time with the shape and hence the deformation of the whole body as the key factor in that product. This distinguishes the present context from the realm of homogenization focusing on the characterization of magneto-electric material coefficients as considered, for example, in [44, 45] .
Moreover, while the strain-mediated ME coupling reported in [14] could also be termed nonlocal, their findings are based on the presence of a body with magnetic and electric properties and electrodes for the application of electric loading. The phenomenon we describe in this contribution, by contrast, does not depend on a certain kind of loading device.
We close this introductory section with a brief outline of the contribution. In §2, we present the theoretical background where we give the fundamental equations of magneto-electro-elasticity. In §3, we describe the model problem of an ellipsoidal body exposed to homogeneous external magnetic and electric fields. There we also describe our (semi-)analytical approach employed to obtain the magneto-electro-mechanical response. Based on that we discuss the shape dependence of magneto-and electro-mechanical interactions in §4. In §5, we then show how these shapedependent responses lead to a ME coupling that only relies on magnetic and electric properties of a soft body. Finally, we close this contribution with summarizing and concluding remarks given in §6.
Theoretical background
For this study, we consider the macroscopic (quasi-)static Maxwell equations in the absence of free currents and charges [46] div d = 0, div b = 0, curl e = 0 and curl h = 0. (2.1) This set of equations is accompanied by the jump conditions
The electric field e is related to the electric displacement d via the polarization p as given below. A similar relation holds for the magnetic field h and the magnetic induction b, which are related through the magnetization m:
In the absence of matter, p and m vanish such that d = 0 e and b = μ 0 h. On the mechanical side, we consider a continuum body that undergoes a motion ϕ(X, t) that relates the initial configuration of the body B at time t = 0 with its current configuration B t at time t ∈ T ϕ :
We denote the current (Eulerian) coordinates as x and the initial (Lagrangian) coordinates as X, respectively. Thus, the Eulerian location occupied by the point X of the body at time t can be expressed as x = ϕ(X, t). The lowercase differential operators 'grad', 'div' and 'curl' represent derivatives with respect to x, whereas their counterparts 'Grad', 'Div' and 'Curl' correspond to derivatives with respect to X. For the mapping of fields from the initial to the current configuration (and vice versa), we also need the tangent map associated with ϕ(X, t), which is known as the deformation gradient The mechanical governing equation is the balance of linear momentum. In addition to that we have the compatibility condition for F. We give both equations alongside each other such that we again obtain equations of similar structure as (2.1):
Div P = −f 0 and Curl F ≡ 0. (2.6) In the above equation, f 0 is the mechanical body force per unit referential volume and P denotes the first-Piola-Kirchoff-type total stress [38, 40, 48, 49] accounting for both purely mechanical and magneto-electro-mechanical contributions. The Cauchy-type total stress 1 and the body force per unit current volume f are obtained from P and f 0 via
with J = det F. In this setting, we fulfil the local balance of moment of momentum by symmetry of the Cauchy-type total stress
If we intend to describe an incompressible medium, we impose a constraint on the deformation, i.e. conservation of volume expressed as det F = 1. In such a case, it is customary to decompose the stress σ = −p1 + dev[σ ] into a volumetric and an isochoric part, −p1 and dev[σ ], respectively.
Lastly, we complete this subsection with the jump conditions for the total stress and the deformation gradient P · N = t mech and F × N = 0, (2.9) where t mech denotes mechanical tractions.
(a) The energy of a polarized and magnetized body
The energy of a polarized and magnetized body [34, 38, 40, 54] is given by 10) where ρ is the mass density in the current configuration and ψ is the free-energy density per unit mass. The fields h s and e s denote the magnetic and electric self-fields that are results of m and p, respectively, and additionally depend on the shape of the body. The external magnetic and electric fields h ext and e ext are created by devices or agencies external to the body. The energy statement (2.10) has the interesting property that it can be evaluated as the integral over the deformed body B t . However, the determination of the involved fields, in general, requires the solution of a system of partial differential equations not only inside the body but also in its environment. This renders the energy expression in (2.10) non-local in a certain sense [34, 55] . Nevertheless, there exist situations for which we indeed have closed-form solutions to the involved partial differential equations. Indeed, in § §4 and 5, we heavily rely on such special circumstances.
Ellipsoidal bodies exposed to uniform magnetic and electric fields
In this section, we study the shape dependence of the electro-and magneto-elastic response of ellipsoidal specimens exposed to uniform external fields. These investigations are paramount to the understanding of what we call non-local ME coupling discussed in §5. We assume that the deformation of the ellipsoidal bodies is uniform such that the deformed bodies are also The ellipsoidal body is exposed to uniform external electric and magnetic fields e ext and h ext , respectively. In reaction to these external fields, the body exhibits polarization p and magnetization m. The actual values for p and m depend on both material properties and aspect ratio of the ellipsoid defined as c = a 1 /a 2 .
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of ellipsoidal shape. This assumption is required 2 for analytical solutions of the magneto-and electrostatic equations and has also been applied to electro-elastic boundary value problems [15] . The reasoning behind is that for ellipsoidal bodies exposed to homogeneous external electric and magnetic fields, we have analytical results for their electric and magnetic responses. Indeed, their polarization and magnetization are uniform. A concise way to characterize these responses is via the demagnetizing or depolarizing coefficient (see [57] , also for historical references). These coefficients only depend on the aspect ratios in the current configuration but not on material properties. Hence, we actually do not have to distinguish between demagnetizing and depolarizing coefficient. Accordingly, we simply introduce the tensor N d and establish the following relations between the (uniform) polarization and magnetization of the ellipsoidal body and the electric and magnetic self-fields,
respectively. Accordingly, for the 'total' fields e and h we have
With that, and under assumption of an ellipsoidal deformed configuration, (2.10) can be reformulated to
with E = E/|B t | and |B t | denoting the volume of the deformed body.
(a) Specializations for rotational symmetry
At this stage, we introduce some specializations to which we will adhere throughout the remainder of this contribution. These specializations reflect the following conditions, which are also depicted in figure 1:
-The body is a rotational ellipsoid with x 1 being the rotation axis and consists of isotropic incompressible material. -The external electric and magnetic fields are aligned with the x 1 axis. In such a rotationally symmetric setting, the isochoric deformation gradient may be written as
The N d -tensor for the deformed configuration is then expressed in terms of a single coefficient
For ellipsoids, there exist closed-form expressions for N(c) as summarized in [57] . For selfcontainedness we give the relevant formulae
Here, c itself depends on the deformation and the ratio of initial axis lengths
Figure 2 depicts the function N(c) discussed in equations (3.5)-(3.7).
The external electric and magnetic fields specialize to
which by material isotropy leads to Inserting the above specializations into (3.3) we obtain
Next we characterize the equilibrium state for an incompressible body under prescribed external fields via the variation of E 3
This equilibrium condition represents a problem in {λ, p, m}. We obtain an alternative (in some cases more convenient) formulation, when we employ (3.1) resulting in
The latter form of the equilibrium condition has an interesting interpretation: It represents the case when p and m are given instead of e ext and h ext , both of which are hidden in e and h, respectively. Then, the mechanical equilibrium term (similar to (2.6) 1 ) associated with δλ is an equation in λ only, whereas the latter two terms on the right-hand side are merely constitutive relations, which tell us how to obtain the electric and magnetic fields for given {λ, p, m}. Moreover, if we assume a certain form of the energy densityψ(λ, p, m) =ψ mech (λ) +ψ elec (p) +ψ magn (m), then the deformation response is virtually independent of the electric and magnetic contributions to the energy density. Thus, in this case, the magneto-electro-mechanical response can be precomputed for given p and m while the total and external electric and magnetic fields are obtained for different electric and magnetic material properties, respectively, in a post-processingtype phase. Hence, it depends on the scenario and the functional form ofψ whether (3.11) or (3.12) is preferable.
(b) Material models
For the simplified setting described in §3a, we now give the material models employed in the following. First, we note that we follow the works [14, 15] by assuming that
For the individual energy-density contributions, we choosê Figure 3 . Solutions of the material-parameter-independent mechanical equilibrium equation for prescribed dimensionless polarizationp. In (a), we show a plot of the stretch λ overp. Plots of λ versus the aspect ratio C in the undeformed configuration are shown in (b) and (c). There we see that for larger prescribedp the maximum in graphs (b) and (c) is obtained for smaller initial aspect ratios C.
(c) Reduced mechanical equilibrium equation
With the choices outlined in §3b, the mechanical equilibrium condition obtained from (3.12) reads as
which motivates the introduction of the dimensionless quantitieŝ
By that we obtain an equation for λ parameterized inp andm, which is in this sense completely independent of material parameters
For verification purposes, we successfully reproduced the results for ellipsoidal bodies under electric loading reported in [15] .
Shape effects in magneto-and electro-elasticity
In this section, we focus on the deformation response to separate electric ( §4a) and magnetic ( §4b) loading. For both the electro-and the magneto-mechanical case, we are most interested in the influence of the shape on the deformation response. This influence has its roots in the N d -tensor (see §3a), which itself is a shape-(and deformation-)dependent quantity, as can be seen from figure 2. We aim to carefully factor out particular aspects which can be exploited for ME coupling presented in §5. The results presented below are based on solutions of (3.11).
(a) Electro-mechanical response
We begin with an illustration of solutions to (3.17) , which is essentially the same for both the electro-and the magneto-mechanical case. In figure 3a , we depict the deformation response depending on the dimensionless polarizationp for different aspect ratios C of the ellipsoid in the undeformed configuration. In figures 3b,c, we plot the deformation response over the initial aspect ratio C for different prescribed values ofp.
We observe that larger prescribed dimensionless polarizationsp shift the maxima in the graphs 3b,c to smaller initial aspect ratios C. This can be explained by the change of the current aspect ratio during deformation. Bodies with initial aspect ratios equal to one are deformed Figure 4 . Deformation response with respect to external electric field. In (a), the electric susceptibility is χ e = 5, in (b) χ e = 10 and in (c) we have χ e = 20. We observe that the initial aspect ratio of the top most curve depends on the given susceptibility χ e .
(a) ( b) ( c) We observe in each subplot that increasing χ e moves the locations of maximum response to higher aspect ratios. Comparing the response curves for the same χ e in each subplot, we see that increasing deformation moves the aspect ratio for the maximum response to the left. towards 'less-deforming' shapes. Similar observations have been made in [35] for magnetic bodies of elliptical shape in a two-dimensional setting. The deformation in response to external applied field is shown in figure 4 . From these plots, we see that the initial aspect ratio for maximum response depends on the electric susceptibility χ e . Furthermore, prolate (C > 1) ellipsoids here show a stronger deformation response than oblate ones, an observation of which figure 5 provides a more detailed picture.
The latter point seems to be in contradiction to the plots in figure 3 , where we plotted the deformation over polarization. However, investigating the polarization depending on the external electric field, we see from figure 6 that the polarization also attains its maximum for prolate shapes. This results in an overall increase of the aspect ratio for maximum response to the prescribed external field. The tendency that these locations move towards smaller aspect ratios Figure 8 . Deformation in response to external magnetic field over aspect ratio C. In (a), for low magnetic fields, we see a similar picture as in the electro-mechanical case regarding the aspect ratio for maximum response. For intermediate magnetic fields, the situation changes as depicted in (b). There we have graphs similar to those of the dimensionless response in figure 3 . Eventually, at saturation the curves become independent of χ m as shown in (c). Then because of saturation all specimens have the almost same magnetization m sat and thus also almost the same deformation. 
(b) Magneto-mechanical response
While the material-independent equation (3.17) yields the same results as for the electromechanical case, there are considerable qualitative differences in the material-dependent response characteristics.
The main difference is the saturation behaviour of the magnetic material model, which is not present in the electric model. As already mentioned in §3b the magnetization at saturation is set to m s = 0.3 MA m −1 . Figure 7 depicts the deformation in response to applied magnetic field. There we observe that the saturated deformation depends on the initial aspect ratio C. The magnitude of the applied field h ext for saturation is, as one would expect, mainly determined by the magnetic susceptibility χ m . This is also nicely observed in figure 8 , where the deformation response is plotted over the aspect ratio for different χ m and h ext . There, in plot (a) one can see graphs quite similar to those in figure 5 for the electro-mechanical response. For moderate magnetic fields, as depicted in figure 8b the graphs are rather similar to those in figure 3 . This can be explained by the onset of saturation, which for higher values of C occurs far earlier than for intermediate and low C. Finally, in figure 8c we observe graphs for saturated states throughout all aspect ratios. Then, since the magnetization is the same in all cases, the curves for χ m ∈ {1, 2, 5} are virtually identical. Because of that we also truly reproduce the setting of the dimensionless response illustrated in figure 3 and thus obtain greatest similarity in the graph. Figure 9 . A deformed elliptical body exposed to an external electric field e ext and magnetic field h ext (a). Under a change in the external magnetic field h ext (b), the body will exhibit further deformation λ = λ + λ. Accordingly, the shape property N changes from N to N and consequently there will also be a change e from e to e . The diagram in (c) summarizes the deformation-mediated response of e with respect to a change in h ext for e ext being unchanged.
Non-local magneto-electric coupling induced by shape-dependent deformation response
At the beginning of this section, we recall the relation between shape represented by the aspect ratio c in the current configuration, the external electric field e ext , the polarization p and the actual electric field e inside the body. For the specializations introduced in §3a and with (3.2) 1 we have for the electric field e inside the body where, as before, the scalar symbols denote the x 1 -component of the corresponding vector-valued fields. We also know that c actually is c(λ, C) and λ in turn can be modified by magnetic loading. From figures 5, 7 and, in particular, from figure 9 we get a qualitative idea of such relations.
In what follows, we put these parts together: We consider e ext and the initial aspect ratio C as given and investigate the response of the electric field e with respect to applied magnetic loading via h ext . From (5.1), we see that the sensitivity of the electric field e then reduces to that of the self-field e s . This can be expressed in a material-independent way as
Here it is important to respect the stationarity constraint δE = 0 as done in the sensitivity analysis presented below. First, we turn to the sensitivity of the polarization with respect to deformation for fixed e ext . In this scope, we have from (3.14b) together with the terms in (3.11) and (3.12) associated with δp
Then, by total differentiation and setting de ext = 0 we obtain dp = − χ e p Figure 10 . Non-local magneto-electric coupling: In (a), we depict a plot in the fashion of the qualitative figure 9 . The top-right quadrant in (a) depicts the electric field e = e(h ext ) − e(h ext = 0) induced by the magnetic loading. In (b), we plot the sensitivity of the electric field, which is the derivative of the induced electric field with respect to the external magnetic field ∂e/∂h ext as described in the first part of §5. The sensitivity of the polarization is depicted in (c). In all plots, the external electric field e ext is given in MV m −1 .
Next, we focus on the sensitivity of λ with respect to the external magnetic field. We again employ total differentiation, but this time on the terms going with δλ in (3.12). For this purpose, we start with the differential of (3.17) m dm ∂N ∂λ +p dp
We already have (5.4) for dp in terms of dλ and dp = 1 √ μ 0 dp. What is still left is the sensitivity dm with respect to λ and h ext . A similar procedure as for dp, recalling dm = 
For the numerical evaluation of (5.2), we first compute λ for given {p, m}, then recover {e ext , h ext } and insert these results into (5.4) and (5.7). In a final step, we are then ready to numerically evaluate (5.2) .
For what follows, we employ material parameters comparable to values reported in [33, 42, 43] . Moreover, for brevity we omit the indication | e ext , i.e. we write ∂e/∂h ext instead of (∂e/∂h ext )| e ext .
We begin the discussion of the results with figure 10 . There, in (a) we show a plot in the spirit of figure 9 . The top-right quadrant of (a) depicts the induced electric field. is shown in (b). In addition to that, we plot the sensitivity of the polarization ∂p/∂h ext in (c). All three of these plots have been generated for μ = 0.1 N mm −2 , C = 1, χ e = 10 and χ m = 1. As our material model accounts for magnetic saturation, the magnetically induced change in electric field (short 'induced electric field') stagnates and the sensitivities decrease to zero for higher magnetic fields, as one would expect. The initial sensitivity of zero is also to be expected as a direct result of the magneto-mechanical deformation response, which has a horizontal tangent for h ext = 0.
We now turn to a more detailed characterization of the effects outlined above. Thereby we focus on the effect of the external applied magnetic field h ext on the electric field e inside the specimen. As a consequence, in this section, we only consider the total change as well as the sensitivities of e. 4 We first study the influence of the material parameters μ, χ e and χ m . In figures 11 and 12, we observe a number of interesting effects to be discussed below.
Comparing the induced electric field plotted in figure 11a ,b, we interestingly see that a decrease in the electric susceptibility χ e leads to an increase in the induced electric field. This is a consequence of (5.3) for prescribed e ext . From the comparison of (b) and (c), we conclude that a change in the magnetic susceptibility mainly results in a 'horizontal' scaling of the plot. As expected, the maximum induced electric field is obtained at saturated magnetization and thus independent from χ m . Finally, the change of shear modulus from μ = 0.1 MPa to μ = 0.05 MPa results in an doubling of the induced electric field, as can be seen from (b) and (d).
The sensitivities corresponding to the plots in figure 11 are depicted in figure 12 . Therein, we observe pronounced extrema for h ext ≈ 0. 25 Non-local magneto-electric sensitivities corresponding to the plots of the induced electric field in figure 11 . The main feature observed here is the pronounced extrema. The location of these extrema is mainly influenced by the magnetic material properties. In all plots, the external electric field e ext is given in MV m −1 .
in (c), respectively. The difference is due to the change in the magnetic susceptibility χ m for plot (c). As expected, we observe the largest sensitivities for highest electric loading e ext . This observation is parameter dependent. For the current settings, non-monotonous behaviour in this regard, however, is only observed for electric loading far beyond the depicted range.
Next we turn to a study for the initial shape of the bodies under consideration as depicted in figure 13 . In this figure, we observe the best coupling properties for bodies with initial aspect ratios between C = 3/2 and C = 3. For lower electric fields (a) prolate shapes perform slightly better, while for very high electric fields (c) the peak performance shifts to lower aspect ratios C. We also see that the initial aspect ratio not only influences the maximum sensitivity value but also the magnetic loading at which it is attained.
In order to complete this analysis of the characteristics of magneto-electric sensitivities, we present a series for surface plots. In figure 14 , we plot the magneto-electric sensitivity ∂e/∂h ext as a function of e ext and h ext for C = 1 in (a) and C = 5 in (b), respectively. Therein one can clearly see the curvature in e ext -direction for the plot (b) where C = 5. In contrast with that, the shape in (a) will exhibit such a feature for much higher values of e ext .
Surface plots with the aspect ratio C as the x-axis are shown in figure 15 . There, in (a) the external electric field is set to e ext = 5 MV m −1 and to e ext = 25 MV m −1 in (b). We observe that the aspect ratio for maximum sensitivity is shifted to lower values for higher e ext . This reflects the existence of a local maximum with respect to e ext as indicated in figure 14b . (c,d) , we depict the corresponding sensitivities ∂e/∂h ext . In all of these plots, the magneto-electric coupling is strongest for C in the range of 3 2 to 3. The magnitude of the electric field has only minor influence on the overall picture. Note that this observation does not hold for very high external electric fields. However, such high electric fields seem not practical for the setting under consideration and are thus not shown. In the discrete setting, we consider an ellipsoidal body B embedded into a truncated free space Ω h as depicted in figure 16 . This free space is equipped with vacuum properties and is of spherical shape with a radius 20 times the length of the major axis of the ellipsoidal body of interest. Figure 16 . An ellipsoidal body B embedded into a spherical truncated free space Ω h . We apply magnetic and electric fields h ext and e ext aligned with the x 3 -direction. In (a), we depict the full discrete setting except for one octant to reveal the specimen.
As the problem has rotational symmetry around x 3 we only simulate the domain with x 1 > 0, x 2 > 0 ∧ x 2 < x 1 /2 and x 3 > 0 with appropriate symmetry conditions. In (b), we picked out the meshed specimen indicating the exploitation of symmetry.
The energy density for the body employed in the FE simulations 5 is given as For appropriate electric and magnetic boundary conditions, we follow [28] and decompose the referential electric and magnetic fields E and H as E = −Gradφ e + e ext and H = −Gradφ m + h ext , (5.10) with e ext and h ext being prescribed. Thus, the potentialsφ e andφ m are the actual electric and magnetic degrees of freedom which we set to zero at the outer boundary of the free-space domain far away from the body. Different from [28] we employ a staggered scheme [59] in which true displacement degrees of freedom exists in the body but not in the free space. Instead, the freespace mesh is adapted (deformed) in accordance with the deformation of the body in a separate mesh-motion step. Below we present results for a selection of initial aspect ratios C and applied electric fields e ext . The simulations were performed with material parameters {χ e , χ m , m s , μ} = {10, 1, 0.3 MA m −1 , 0.1 MPa}. For certain cases, we observed stability issues, of which the closer investigation is beyond the present scope. 6 As a consequence the simulations do not cover the full range of e ext and h ext for aspect ratios C ∈ {3/2, 2, 3}. In all plots, the solid lines correspond to the analytical estimates and the dashed lines to the numerical results. The four plots in figure 17 depict the magneto-electric sensitivities for C ∈ {1/2, 1, 2, 3} and a range of applied fields. There we observe excellent agreement between the estimates and the FE simulations for C = 2 and C = 3. Deviations are, however, more pronounced for C = 1/2. For the spherical body, we have 6 The employed FE discretization based on the displacements as well as electric and scalar magnetic potential has a saddle point structure and is thus inconvenient for stability analysis [61, 62] . Also, it is not clear at this point, whether these instabilities are of numerical or structural nature. Figure 18 . Comparison of the ME coupling for various aspect ratios C predicted by the analytical estimates and the FE simulations. In all three plots, we see that the estimates based on the proposed model favour an initial aspect ratio C = 2, closely followed by C = 3/2. The FE simulations, however, predict the best performance for the body with C = 3/2 followed by C = 2 and C = 1. These slight deviations are a direct consequence of the already mentioned differences between estimates and simulations which are most pronounced for C ∈ {1, 2} (figure 17). In plot (c), the graph for C = 3/2 is omitted because of stability issues in the FE simulations for h ext ≈ 0.4 MA m −1 .
the strongest deviations in the order of 20%. 7 Nevertheless, even in this case the magnetic field at which the maximum sensitivity is attained, is predicted quite accurately.
In figure 18 , we compare the ME sensitivities for a range of initial aspect ratios C for given e ext (similar to figure 13b,d). We clearly see that the deviations between the analytical estimates and the numerical results for aspect ratios C = 1 to C = 2 lead to different predictions of 'optimal' shapes. In all three plots, the optimal aspect ratio is shifted to slightly lower values for the FE results. However, the discrepancies are not severe.
Conclusion
In this study, we highlighted the non-local ME coupling of soft macroscopic bodies. The described effect does not rely on magneto-electrically coupling materials. Thus, the phenomenon under consideration is of purely macroscopic nature. In order to work out the underlying mechanism and to provide analytical results, we investigated ellipsoidal bodies in free space exposed to uniform external electric and magnetic fields. Our study relies on the concept of demagnetizing and depolarizing factors but not on electrodes or other additional structural elements attached to the body. We employed a material model that accounts for magnetic saturation which is an important physical constraint for magnetic materials. Next to the evaluation of magnetically induced electric field and polarization we present the corresponding sensitivities, which may be of special interest.
We compared the predictions of the proposed model with numerical simulations. It turned out that the results are quite accurate for slender shapes and still reasonable for rather spherical geometries. In addition to that, the optimal shape predicted by the model (aspect ratio of C ≈ 2) is only slightly larger than that predicted by FE simulations.
Moreover, this study deliberately did not consider the micro-heterogeneous nature of classical magnetic elastomers, e.g. MREs [19, 22, 28, 35, [63] [64] [65] for which one can expect even richer coupling characteristics. Hence, multiscale investigations parallel to the works [44, 45, 61, 66] are a natural extension of this work.
As a final remark, we recall that the setting of this study shares some similarities with homogenization scenarios as treated in [29, 67] . Indeed, one might think of replacing the vacuum with a very soft matrix material and regard the ellipsoidal body as a magnetically and electrically deformable inclusion. Such a perspective opens another direction of further investigations in the design of magneto-electrically coupling materials.
